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z}puºz¦v¶§  ruºo vCp®cE|wc.vGr{z}¨aOcuuwp{cz­r¥¨¦¨¦c.¬oz¦r{cEpM cuy®rz¦v¶vGwbKOc.yM§az»ÆV w¨»rtz­cEp/p{p{q z}¢r{cEKªz­r{_
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 I  {O;−→ı o,−→ o,
−→
k o}
z}p¶;¸a¹qcu¼©z¦vacuy®rtz¦¨y¨¦z­¨¦cuvCÁK§©ytbdc%ªµ yEµ rEµ ¼©ªz­r{_¯y{cEp®Ocu rdr{GÁ
ª_az}_Krt_ac&¬c._z¦.¨­c  pYp®¨­war{c&p®z­r{wr{z¦v%¼©Op{z»rtz­vytz­cuvr¢rtz­vCÁz}p	bdcup®waytcuµ*^&_az}p*§©ytbZc
z¦p_p{c.v;pir{_ac¶e   §©ybdc%¼Òey®rt_q· /p®r®·  g¢ªvCÁgªz­r{_;r{_ac¶¬cu´rty −→ı o Oz¦vGr{z¦va%r{%r{_acey®rt_ºart_ac¬cE´rty −→ o Cz­vGrtz­vaVr{dr{_c)p®ruºOv%rt_ac¬cu´rty −→k o Oz¦vrtz­vdr{¶rt_acK cuvGr{c.y§ir{_ac½cuy®rt_µ B  {G;−→ı ,−→ ,−→k } z}p¶Ç§©ytbZcHr®rt_acuÅr{;r{_ac½Oqqnµ¯^&_ac½¬cE´r{y −→k z¦py¨¦¨¦c.¨rtrt_acrt_aytwpsrA§©y cZ¢¹qz}p.µA^&_az¦pi¨¦cuÈ¬cEprsª¥Optp®z¦a¨¦cvHCGp®z­r{cZqz­ytcu r{z¦vp§©y
r{_az}p	¬cE´rtyEµÃÄvKyt´r{z} cºp®cu¨­cE´rtz­vaAvc/§r{_c.buvKOc&y{cu¨¦r{cEr{ vp{z¦qcuy{z¦vaA ®vabdz¦v¨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 oyqz¦v¢rtcup¥§ −→ı , −→ , −→k c.¹qay{cEp{p{cuz­v%rt_acp{z}p&§ I µ
 ^&_ac¬cu´rty§	.Gytaz­vr{cEpptp®q z}¢rtcuªz»rt_½r{_acK¨­z¦vacuy¬cu¨­q z­rsn§ G ªµ yuµ ruµ I z¦pac.var{cup
ẋ = (ẋ1, ẋ2, ẋ3)
T ª_acuv;c.¹oy{cEp{p{cuHz¦v;r{_acdp®z}p§ I º*vCÇp v = (v1, v2, v3)T ª_acuvc ¹qaytcuptp®cEz¦v%r{_acp®z}p&§ B ºqzÒµ cµ −→v = ddt
−−→
OG = (−→ı o,−→ o,
−→
k o)ẋ = (
−→ı ,−→ ,−→k )v µ
 ^&_ac¶vawa¨}yA¬c.¨¦q z­rsnH¬cE´r{y§)rt_acdCqqnG·4¸a¹qcuT§©ytbZc B ytc.¨}¢r{z¦¬cKr{%r{_c¸¹ocET§©ybdc I ºc ¹qaytcuptp®cEz¦v B ºoz}pqcuvartcu%p ω = (ω1, ω2, ω3)T µ
 ^&_ac)bKaz¦c.vGr±wz¦¬c.¨¦q z­rsngªµ yuµ ruµr{_acY¸¹ocE§©ybdc I z}pqcuvartcup −→v f = (−→ı o,−→ o,−→k o)ẋf
= (−→ı ,−→ ,−→k )vf
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 {e1, e2, e3}
qc.var{cEp¶r{_c;.vavz¦u¨p®z}p¶§
R
3 ºz4µ cµ e1 = (1, 0, 0)T º e2 = (0, 1, 0)T º
e3 = (0, 0, 1)
T µ
 ayAvGn%¬cE´rty u ∈ R3 º S(u) ac.var{cupgr{_cp{«c.ª&·Äp{nGbdbdc rty{z}b¶¢rty{z­¹Hptp®q z}¢rtcu½ªz­r{_Çr{_ac ytptpYaytqqw´r/Gn
u
ºz4µ cµ
S(u)v = u× v §©y¥vonZ¬cu r{y v ∈ R3 ºGªz­r{_ × rt_aci.y{Gp{p®·4y{qqw rOc.y¢rtz­vµ
 ^&_ac Mw.¨­z}qcEv½vaytb z¦v
R
3 z}pqcuvartcu½p |.| µ
  §©wv´rtz­v y : [to, +∞) −→ Rp z}pKwµ µ¯¼¾§©y 5
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T
p{w_Årt_¢r |y(t)| ≤ c, ∀t ≥ T µ¯v¯war{awqr y = h(x, t) ∈ Rpz¦pwµ wµ µ%¼¾§©y 5/0 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bdy{c/y{cE¨¦z¦p®r{z}.¨­¨¦nºÈcup®r{z¦b¶¢rtz­vp§ −→
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vÇcEpsrtz­b¶¢rtz­vÇ§ −→
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(Σ2) : Jω̇ = −S(ω)Jω + Γ + Γe(ẋ, ẍ, R, ω, ω̇, t)
¼ÒÁ
ª_c.ytc
Γ = (Γ1, Γ2, Γ3)
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t 7−→ Fe(ẋ, t)

t 7−→ ∂Fe∂ẋ (ẋ, t)
(%!
t 7−→ ∂Fe∂t (ẋ, t)
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c1 ≥ 0, c2 > 0
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rt_acp{z¦bZ¨­cEpsr_az} c
ω3 = 0
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γ̄ := RT γ
¼ Á
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θ̃ = 0
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ẋr
qcuvartcr{_acgy{c.§©c.ytc.v.c¬c.¨¦q z­rsnc.¹qay{cEp{p{cuz¦v¶r{_acgz­vacuy®rtz¦¨q§©ybdc I º ẍr rt_acrtz­bdc.·[qcuy{z¦¬¢¢rtz­¬c§
ẋr
º	vC
ṽ := RT (ẋ − ẋr)
rt_acV¬cu¨­q.z»rsn;c.yty{yr{c.ytbkc.¹qay{cEp{p{cuz¦vÓr{_acCqqnG·4¸a¹qcu;§©ytbdc B µÃÄvCpsrtcud§qc ¸Cvaz­v
γ
p/y{c.§©c.ytc.v.cwavaz­r/¬cu´rty¥pMz¦v¶r{_ciaytc.¬oz¦wp)p®waCp®cE´r{z¦vºª¥cgva¢ªqc.¸vac













(ẋ(s) − ẋr(s)) ds
ºrt_acZz­vGr{cuy¨*§Mrt_ac¬c.¨¦q z­rsn%cuy{ytyEºOy











ṽ ≡ 0 z­bda¨¦z­cEp&r{_C¢r
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(ṽ, R) = (0, R∗)
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 |γ(ẋ, t)| ≥ δ 
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γ̄ = ±|γ|e3.
Àc r
θ̃ ∈ (−π; π] qc.var{c&rt_acgv¨¦c¥Oc rsª¥c.cuvZr{_ac&rsª¥wavaz­r)¬cE´r{ytp e3 v γ̄|γ|
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u = γ̄3 + |γ|k1ṽ3
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[0, +∞) p{w_rt_¢rEºq§©yp{bdcOp{z»rtz­¬c.vp®rtvGrtp η, β º
∀s > 0, h(s2)s < η ¼ <uGÁ

















γ := γ̂e − ẍr + h(|Iv |2)Iv
¼<uÁ
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h(s2)s > |c| 
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R
3 × R3 × (−π, π) 
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z̈ = −2kz ż − k2z(z −
p{r

























 ∀x ∈ R3 ºqz­§ |x| ≤ ∆ ºpt¢r ∆(x) = x µ

 ∃ ∆̄ > 0 p{w_%r{_r ∀x ∈ R3 º | pt¢r ∆(x)| ≤ ∆̄ µ
 
 ∀(c, x) ∈ R3 × R3 p®w_%rt_¢r |c| < ∆ º | pt¢r ∆(x + c) − c| ≤ |x| µ
Optp{z­a¨¦c_az} cz}p¥r{_ac.¨¦p{p{z}.¨pt¢rtwaytr{z¦v§©wav´rtz­vHqc ¸vcu½p
p{r



















y := x̃ + z
¼ <?EÁ
v̄ := ṽ + RT ż
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η, β > 0
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u = γ̄3 + |γ|k1v̄3
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c := γe − γ̂e




h(s2)s > |c| 
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(z, ż, x̃, ṽ, θ̃) = (z∗, 0, 0, 0, 0)  )
 F',!+
2?   F,+  0  (   %+01),(

  ,+( '
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kz
¨¦p{Hz­vC ytcup{cupirt_acVyvac
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u ≈ |γ| v |γ| > 0 §©y{b ip{p{wabdqr{z¦v°Á µ B¢ª¥c.¬cuyz­rKz¦pvarp{r{z}ps¸CcuÓz¦v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σ : R → R !*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rt_acg¬c.¨¦q z­rsndv¶Op{z»rtz­v vGr{yt¨Cup{cupuµy/bZGpsr¥wavqcuyt´rtw¢rtcu¶¬c._az} ¨¦cupuºrt_az}p/p{p{wabdqr{z¦vz¦p
vrp{r{z}ps¸CcuµMÀc rwpz¦¨­¨¦wp®r{y¢rtcirt_az}pv½dp®z¦bda¨­cc.¹abda¨¦cµ
 ¡  # ËÅ¼4loa_acuy{z}.¨¬c._az} ¨¦cEÁ  vp®z}qcuy%p{a_ac.ytz}.¨	¬c._az} ¨¦cºªz­r{_z­rtp cuvGr{c.y§)b¶ptp z­vq·
.z¦az­va¶ªz­r{_½rt_acKp{a_acuy{c  p.c.vGr{cuyuºOp®wabdz»r{r{cu%rt¶r{_cK r{z¦v½§YyÈ¬oz»rsnºaqyZ§©y cEp.ºv½aacuo·
b¶p{pdc OcE´rtpuµ2^&_c½r{yvp{¨¦r{z¦v¨qnovbdz}.p¶§irt_acH¬cu_az¦.¨­cHz}pdz¦¬cuv¯Gn¼ <EÁdªz»rt_
Fe(ẋ, ẍ) =
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ªz­r{_²¼<uÁ{Á
m̄ẍ = −TRe3 + F̄e(ẋ)
ªz»rt_
m̄ = m + ma
ºav
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qy%c Îcu´rp.v;Oc¶vac.¨­cE´rtcu ¼©z4µ cµ ca
m̄ |ẋ|ẋ ≈ 0
Á º*ip{p{wabdqr{z¦vz}pvarpt¢rtz¦p®¸cu;ª_acuv
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δ > 0




 |γ(ẋr(t), t)| ≥ δ 
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1/|γ| v 1/(|γ|+
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u = γ̄3 + |γ|k1ṽ3
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β1, β2

|u| ≤ β1 + β2|ẋ|
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γ
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γ(ẋ, t) := γd(t) +
pt¢r
M (γe,d(ẋ, t)) − ẍr(t)
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|γ(ẋ(t), t)| ≤ Q ¼  <ÈÁ
^&_c.ytc §©ytcº)z­v ¬oz­cuª §ir{_ac½c ¹qaytcuptp{z­v²§
u








c̄1 ≥ 0, c̄2 > 0, c̄3 ≥ 0, c̄4 > 0p{w_r{_ruº ∀(ẋ, t) ∈ R3 × R º
{
|γe,d(ẋ, t)| ≤ c̄1 + c̄2|ẋ|2







P (s) := c̄4s




κ(c̄i, v̄r) ≥ v̄r
p{w_rt_¢r
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 0 '0  0
(ṽ, θ̃) = (0, 0)
    C)
 F',!+








M > c̄1 + c̄2v̄r
  0
M
 ), +(/ (,?)'01(+!  0   
,5%)'01 pt¢r
M
0+ /0  0
γ 	 5  '  	  0  M ≥ c̄1 + c̄2(κ(c̄i, v̄r))2
(! |γ(ẋ, t)| ≥
τ ∀(ẋ, t)   (	(&)'01 !* (0 0  '(










rt_acp{a_ac.ytz}.¨Î¬c._az} ¨¦c¨¦y{cEqnV.vp{z¦ac.ytcuz­v Y¹abda¨¦c <µ


































µ%ÃÄvr{_az}pKup{c |γ(ẋ, t)| ≥
mg/m̄ − M > 0 µihTytc.¢¬cuyuºz»§ τ < mg/m̄ − M ºCrt_acZcu|Gwaz¦¨­z¦aytz­wab (ṽ, θ̃) = (0, 0) z}p ®¨¦¨­¨¦n p®nobdqrtr{z}.¨­¨¦nÇp®rta¨­cT¼ zÒµ cµr{_acqb¶z¦vÓ§¢r{r{y´rtz­v;z}p
R
3 × (−π, π) Á µ Bg¢ª/cu¬cuyuºz¦bdCGp®z¦vart_az}pKz¦vacu|Gw¨­z­rsnv
M
b¶ÈnvarZCc% bdr{z¦a¨¦cªz­r{_rt_acpt¢rtz¦p®§  r{z¦v§rt_ac½ vCqz»rtz­v
M ≥
c̄1 + c̄2(κ(c̄i, v̄r))
2 ª_z¦_wyvGr{cucupArt_acV¨}ytcup®rCGp{p{z¦a¨­cqb¶z¦vÓ§¢r{r{y r{z¦vµ%ÃÄvqcucuº	z¦vrt_az}pZup{cvac%_p
c̄1 = c̄3 = 0
º
c̄2 = c̄4 = ca
º)v
κ(c̄i, v̄r) = v̄r
º/p{Trt_¢rdrt_ac%.vaz»rtz­v


























M (γg + γae)
µ  z»rt_Ór{_az}pK_z} cº
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  ),(.!&  ),  (	  0 ¼Ò <uÁ 
γ := γd +
pt¢r
M (γ̂e,d) − ẍr + h(|y|2)y + z̈
 0 
γ̂e,d := γ̂e − γd
(%! 6(6+( '0
 0   	,5
 1 (0 	  

  '
   ?!0  ),(01 ),%),'     ),!001
M > c̄1 + c̄2(κ(c̄i, v̄r))
2
   ,   501)  01
2! &
2 (
(F   601) 6( 0
 0  

   ( + ,
6
2(&),,!       ,	   ),!001
M > c̄1 + c̄2(κ(c̄i, v̄r + 2ηz))
2 




bdqqcu¨q§OA¿A^gAÀ¬c._az} ¨¦cp®z¦bdz­¨}yrtirt_ac 	B¢¬cuy )nc /ac.¬cu¨­CcEonK¥c.y{r{z¦vd^cE_ava¨¦z­cEpAytw
¼Òp®cuc :Âqºqºqº¢>©Á´µZ^&_az}pi¬c._az} ¨¦cºª_p{cp{_Ocytw_a¨¦nH ytytcup{Cvapgr{r{_acdvcZqcuaz}´r{cETv
z¦waytc <ºCcu¨­vap	rtr{_ac.¨¦p{pM§ ®p{z»rMvZrtz¦¨&¿A^gAÀHfg*¿Mp.µÃ[r)z}pMp®nobdbdc rty{z}¨¦vaaytz¦¬Gz¦¨¦c.cE
¹qz¦pgrt«c.v;pgr{_ac¶¢¹qz}p {G;−→k } µÃÄvTrt_acK¸Cytp®raaytÈ¹qz­b¶¢rtz­vºOz»rpiz¦vacuy®rtz¦bdr{ytz»¹ J z}pqz}v¨v
J ≈ diag(J1, J1, J2)
µ




































r{_ac¬cu r{y§ oyqz¦v¢rtcup§ −→
F ae










ytcVp{CcE z­¸cuÓz¦vÅaOc.vCqz»¹ÅKµ2<*<µ  z­vCr{wavavc.¨¥bZcEp{waytc.bdc.vGrtp
vTc.ytoanGvCbdz¦bdqqcu¨­z¦vaV§©yrt_az¦p.¨¦p{pg§M¿i^gAÀ²¬cu_az¦.¨­cEp_È¬cOc.c.vÇy{cuCy®rtcu½z¦v#:ÂF>[µi¥n
p{c r{r{z¦va










z¦vT¼ GÁr«cEp	r{_c§©ytb§lqnop®r{cub ¼4Á´µ Bg¢ª/cu¬c.yEºgptp{wabdqr{z¦v <z}pM¬oz¦¨}¢r{cE
Ocuuwp{c
Fae
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ytc.¨}¢rtcur{Kr{_acivawa¨¦y)u cu¨­cuytr{z¦v¶p®rt_¢r
γe
ac.Oc.vap¥¨}p{vdr{_cup{cg¬¢ytz¦a¨¦cupuµ  iz¦pt ytc.v z¦cup
¨¦z¦«cZr{_az}pvcZOc rsª¥c.cuvÇrt_acdz¦acu¨Ybdqqcu¨Mwp{cuÇ§©yAr{_acV.vGr{yt¨YqcEp®z¦vvÇr{_c¶a_onop{z}.¨Yp{nqpsrtc.b
ytc.y{cEp®cuvrvaOy{r{wvaz»rsn½rt%r{cup®ronTp®z¦bKwa¨}¢rtz­vÇrt_acdy{awp®r{vacEp{pi§/r{_acdaytOp{cu; vrty{¨­¨¦c.ypuµ
























g∗ = 9.81 ms−2
ºrt_acytcu¨¬c._z¦.¨­c  pb¶p{pz}p
m∗ = 3.2 kg
º
vr{_acytcu¨¬c._z¦.¨­c  p&z¦vac.y{r{z}Zb¶¢r{ytz­¹z¦p






























Kω = diag(20; 20; 20)
º























































_È¬c½Oc.cuvòqc rtc.ytbZz¦vacE¯¬Gz}ÓO¨¦cTa¨} cubdc.vGrVayto.c ·
away{cOc.y{§©ytbZcEv r{_ac¨¦z­vacEytz­³ucuòp{nqpsrtc.b §Zlonqpsrtc.b,¼EÁ alonqpsrtc.b,¼<F=¢Á%¢r%r{_c;cE|wz­¨¦z­y{z¦wab
(z = 0, ż = 0, x̃ = 0, ṽ = 0, R = I)
z­v%rt_acy{r{z} w¨¦y.p{c§Ydy{c.§©c.ytc.v.cAr{y¢scu r{y{nV.vp{z¦p®r{z¦va
§MZ¸a¹qcu½Oz¦vrEºªz­r{_T¨­¨*c ¹or{cuy{v¨§©y cEp&Ccuz­vVvac.¨­cE´rtcuµ  gc.rtz­¨}p§rt_az}pz­v%rtwavaz¦vaVaytq c ·
away{cy{cz¦¬cuvz¦vHaOc.vaz»¹Hµ <uqµM^*ª¥dp{z¦bKwa¨}¢rtz­v%up{cup&ytcy{cuCy®rtcuµ
  	   #Ò¡q 	 Ð   ¤uu¡a 	 # 	¡q 	 Ð  Ð    Ë  
	 Ë  	 £$# Ë ¡q¶¡.E¡q 	 Ð  ¡q  Ì  Ð 	  




x(0) = (8, 5,−8)T µZ^&_cZz¦vaz­r{z}¨Y¬c._az} ¨¦c$ p¢r®rtz»rtwqc¶z}pz¦¬cuvÇon R(0) = I3 µZ^&_z¦p.yty{cEp®OvCaprtVr{_ccE|wz­¨¦z­y{z¦wab$¢r{r{z­r{wacZp{p{q z}¢r{cEHªz­r{_;V¸a¹qcu;qcup{z­ytcuTCGp®z­r{z¦vTz¦vTrt_ac¶q·
p{c.vC c§gªz¦vµ^&_ac½qcup{z­ytcuÅCGp®z­r{z¦v°z¦p
xr = (0, 0, 0)
T µÃÄvaz­r{z}¨¦¨¦nºYrt_ac.ytcz}pZvaÇªz¦vºMwqrd_ytz­³uvGrt¨Yªz­v²psrtc.¬cu¨­q.z»rsn
ẋf = (4, 0, 0)
T z}pKz¦vGr{ytqqw cECc.rsª/cuc.vrt_ac¶r{z¦bdc ·[z­vCpsrvGrtp 30 sv
70 s
ºq§©¨­¨¦¢ª¥cu%on%d¨}ytcuyvac¼

















rt³uc.ytµY^&_acp{cu vVvac vGrz¦vp/r{_acz¦vrtc.yt¨Î´rtz­vytcup{wa¨»rtz­vK§©ytb rt_ac.¨} w¨¦r{z¦v§
z
vC
z­rtp/¸yp®r&vp{cu.vyqc.y)r{z¦bZc.·[ac.ytz­¬¢¢rtz­¬cup/§©ytb ¼ <=Á´µY^&_accu¬¨¦wqrtz­vV§rt_ac¬cu_az¦.¨­c  p/Op{z»rtz­v
vTr®r{z­r{wCqcz}pp®_¢ªvHv;z¦waytcupAVvÇqµ  z­r{_;Cr{_;.vGr{yt¨*¬cuytp{z­vpuºrt_acOp{z­r{z¦vT§Mr{_ac




rt_acK¬c._az} ¨¦c$ p_Gnqp{z¦u¨*ybdc rtc.ypvCHCoy{¨¦nbdqqcu¨­cETcuy{qqnovbZz}ytcu´r{z¦v½§©yt.cupuµgz­waytc
Zp{_a¢ªp/r{_r¥rt_acz¦v y{Oy¢rtz­vV§*r{_acaytOp{cuz­vGr{cuy¨ r{z¦vbd«cEp)rt_az}p&c.yty{y¥.vo¬cuy{cr{
³uc.ytµ	er{crt_¢r&gptp®wabdqrtz­v 0  §~MytOp{z»rtz­v¶¼
lim
s→+∞




















 ¨¦p{crt³uc.ytµÃ[r&¨¦p{K vGr{ytz­awar{cup/rtKz¦v ytcup®cgr{_ac
p{z¦³.cA§
γ
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 Ñ # ¡q  OË 	  	  	 ¡ #
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	©
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Ë%Ë u 	 Å¡q 	 Ð 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^&_ac.vGr{yt¨Îqscu r{z¦¬cz¦p¥rtdr{y«drt_ac§©¨¦¨­¢ªz¦vadytc §©c.ytc.vC cir{y¢scu r{y{n
xr(t) = (10 cos(πt/10), 10 sin(πt/10),−t)T
^&_cAz¦vaz­r{z}¨Î¬cu_az} ¨¦c$ p/Op{z­r{z¦v½v¢r®rtz»rtwqcy{ciz¦¬c.von
x(0) = (45, 50,−10)T v R(0) = I3ytcup{Ocu´rtz­¬c.¨¦nµ	ÃÄvGr{cuy¨ y{ytcu r{z¦vVz¦v½CGp®z­r{z¦v%z¦p&wCp®cEµM^Zrtcup®rr{_acytawCpsrtvacuptp¥§rt_ac vGr{yt¨¦¨­cuy
ªµ yEµ rEµTc.ytqqnovbdz}dCcuy®rtwayt¢rtz­vp.ºY{p®r{ytva Z¬¢ytz¦a¨¦cVªz­vCz¦pp®z¦bKw¨¦r{cuÓªz­r{_²¬c.¨¦q z­rsn;z¦vq·
rtc.vp{z­rsnZ¬¢y{z}¢rtz­vpMytc.aytcup{c.vGrtcudv*z¦wy{coµM´rtw¨ÎvVcup®r{z¦bdr{cEVaCytc.vGr¥. cu¨­cuytr{z¦vp)ytc
p{_a¢ªvv²z­way{c%qµÓÀz¦bZz­rtr{z¦vp§rt_ac½´rtw¢rtypytc¨¦p{Tr«cuvz­vGrt;u wavGrKonÓpt¢rtway¢r®·
z¦vaHrt_acaa¨¦z­cEr{_aytwp®rK§©y cVvr{yt|Gwac bdOvacuvGrtp. ytaz­va½rtHr{_c¶§©¨¦¨­¢ªz¦vaHz¦vacu|Gw¨­z­rsn
.vp®r{yz¦vGrtp
0 ≤ T ≤ 1.8m∗g∗ = 56.5, |Γi=1,2,3| ≤ 0.3TL
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z­waytc 9  z­v½¬c.¨¦q z­r{z¦cup&¬qp.µrtz­bdcµ






















































































ref. trajectory : −−
act. trajectory : −












ref. trajectory : −−








ref. trajectory : −−
act. trajectory : −

















) x̃1 : −
x̃2 : −−
x̃3 : .−
























































Fig. f) Torque control inputs
t (s)
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¨}ytc§ bdz­¨¦nT§)r{_aytwp®r®·[ay{Ccu¨­¨¦cuÇwavqcuyt´rtw¢rtcuT¬c._az} ¨¦cupuµ  ic.¬c.¨¦az¦va%.vGr{yt¨r{_c.ytn%§©y
¬c._az} ¨¦cupdp{c.cubZz¦va¨­n²pdqz Îc.ytc.vGrVp¶v°q.cuv p®_z­vC°Óp{.cytq«c rdb¶Ènº¥¢rd¸ypsr¶¨}vC cº




rt_ac.y{nZ wa¨¦dOcgª¥yt«cEKwqruµYgbZvar{_c.b½ºGr{_acCp{z¦y{z¦v z¦a¨¦cgu ytqz¦vaAr{Kª_az¦_drt_acrt_aytwpsr
az­ytcu r{z¦v_Cp/r{dOcbZvaz­r{ytcuz­v%yqcuy)rtd¨­¨¦¢ª§©y/rt_ac bZOc.vCp{r{z¦v§rt_acy{cEp®w¨»rvGr¥§c ¹o·
rtc.ytv¨Î§©yt.cup&_pOc.c.v%rt_ac¨¦cuaz­vadwaz¦acµ  vGr{yt¨Î¨¦Èªpg vC c.z¦¬cEV§©yz­vC ytc.bdc.vGrt¨­¨¦n.bda¨¦c ¹
qscu r{z¦¬cEp.ºytvaz¦va§©ytbRs¢nqpsrtz¦«G·ÄwabZcuvGr{cuq·[.vGr{yt¨G§rt_acg¬c._az} ¨¦c$ p)r®r{z­r{wCqcgrtKwar{vbdwp
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ytc¨}p®¶OwvqcuµÀc riwpva¢ªp{_a¢ª rt_¢r¨¦va¶cE_Hp{nop®r{cub  pip®¨­wqrtz­vºart_ac.ytcc.¹oz}p®rtp
ε > 0p{w_r{_r




(1 − cos θ̃) = −k2(γ̄1ṽ1 + γ̄2ṽ2) − k3
|γ| − γ̄3
|γ| + γ̄3









|θ̃| > π − ε1 =⇒
d
dt
(1 − cos θ̃) < 0
/|wC¢r{z¦vH¼ Á	z}p	rt_GwCpMp{r{z}ps¸Ccuªz»rt_
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(ṽ, θ̃) = (0, 0)
ºz­rz}p%qz­ytcu r.vp{cu|Gwacuv c§¶¼<EÁ
v¼©<EÁ µ




˙̃v = −S(ω)ṽ − ue3 + RT γ − RTh(|Iv |2)Iv + RT c
¼ Á
 ic ¸Cvac
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lqwap®r{z­r{wqrtz­vadrt_ac vGr{yt¨Îc ¹qaytcuptp®z¦v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(Iv , ṽ, θ̃)
r{















I∗vvac.v%aa¨¦n&yt¨}¢r  p¥¨¦c.bdb¶dz¦¬c.vz­vHgaCcuvqz­¹½Kµ Ert½¼ GÁ¥ªz»rt_
a(t) := −RTh(|Iv |2)Iv + RT c , b(t) := −S(ω)ṽ − ue3 + RT γ
ip	§©y	rt_acpsraz¦¨¦z»rsn§rt_accu|Gwaz¦¨­z¦aytz­wb Cz­vGr




§¼©=Á´º¼ *EÁ.ºavrt_ac§  r¥rt_¢rrt_az}pCz­vGrz}p¥r{_acwvaz¦|Gwacbdz¦vaz¦bKwab §r{_ac§©wavC´r{z¦v
V
µ




˙̄v = −S(ω)v̄ − ue3 + RT z̈ + RT (γe − ẍr)
ª_z¦_½.vOcy{cuªy{z­r®rtc.vHp































































y = x̃ + z
v























ȳ := y − z∗, z̄ := z − z∗, w := ż,






x̃ = y − z = ȳ − z̄ µM^&_acuvºClonqp®r{c.b ¼<=¢Á&.vOcy{cuªy{z­r®rtc.v½p
{
˙̄z = w
ẇ = −2kzw − k2z z̄ + k2z(
pt¢r
∆(z̄ + z
∗) − z∗) − kzhz(|z̄|2)z̄ + kzgz(ȳ, z̄)
y&z­v%r{_cbZy{c.bd r&§©ytb
Ż = F (Z) + G(ȳ, Z)
¼4GÁ
ªz­r{_





−2kzw − k2z z̄ + k2z(
pt¢r
∆(z̄ + z
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αz, αw > 0
p{w_r{_r












































y := z̄ + x̃
r{³.c.ytdz­bda¨¦z¦cuprt_¢r
x̃.vo¬cuy{cup&rt³uc.ytµ*z¦v¨­¨¦nºp{z­v.c








(z, ż, x̃, ṽ, θ̃) = (z∗, 0, 0, 0, 0)
µ
y{bk¼Ò <uÁ&vC;¼4Á.º












(v̄, ȳ, θ̃, Z) = (0, 0, 0, 0)
z¦p¨¦p{½Hpsra¨¦c¶cu|Gwaz¦¨­z¦aytz­wbk§¥r{_cV vGrty{¨­¨¦cup®nqp®r{cub%µ
^&_z¦pqz¦ytcu´rt¨­nz­bda¨¦z¦cup¥r{_cpsraz¦¨­z­rsnV§*rt_accu|Gwaz¦¨­z¦aytz­wb
(z, ż, x̃, ṽ, θ̃) = (z∗, 0, 0, 0, 0)
µ
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V = 12 |ẋ|2
vC%p{_a¢ªz¦vaZr{_rz»rz}pvacur{z¦¬cAª_ac.v |ẋ| c.¹a c.cEap¶ cuy®rz¦vrt_aytcup{_a¨}µYhHytcaytcu z}p{c.¨¦nºovac_Cp
V̇ = ẋT (−uRe3 + γe(ẋ, t))
fip®z¦va¶gptp{wabdqr{z¦vHdvr{_cz­vacE|Gw¨¦z»rsnÓ¼ÒÁ´ºvacartz¦vp
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γe,d
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
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M ≥ c̄1 + c̄2(κ(c̄i, v̄r))2
 ∀(ẋ, t) 
ṽTRT (γe,d(ẋ, t) −
pt¢r
M (γe,d(ẋ, t))) ≤ 0
¼Ò&EÁ
    ÐÐ   ^*ª/¶up{cupytc vCp®z}qc.ytcu 9
z¾ÁÃ[§ |γe,d(ẋ, t)| < M ºÈ~MytOc.y{rsn    §Grt_ac/pt¢rtway¢r{z¦vA§©wavC´r{z¦v p{r M z­bda¨¦z¦cupr{_r γe,d(ẋ, t) =pt¢r
M (γe,d(ẋ, t))
ºCvr{_acytcup{wa¨­r§©¨¦¨­¢ªpuµ
z¦z}ÁMÃ[§ |γe,d(ẋ, t)| ≥ M ºz­r)§©¨­¨¦¢ªp	§©ytb ¼ÒÁYvZr{_ci_az¦.c§h r{_r |ẋ| > κ(c̄i, v̄r) µ	^&_c.vºwCp®z¦vad~MytOc.y{rsn   §*rt_acp{r{way¢rtz­v§©wv´rtz­v pt¢r
M
º*¼ Á´ºqrt_acytc.¨}¢r{z¦vCp
φ(γe,d(ẋ, t)) ≤ 1
v
Rṽ = ẋ − ẋr
ºqvacc.rtp
ṽTRT (γe,d(ẋ, t) −
pt¢r
M (γe,d(ẋ, t))) = (1 − φ(γe,d(ẋ, t)))(ẋ − ẋr)T γe,d(ẋ, t)
≤ (1 − φ(γe,d(ẋ, t)))(ẋγe,d(ẋ, t) + v̄r|γe,d(ẋ, t)|)
≤ −(1− φ(γe,d(ẋ, t)))(c̄4|ẋ|3 − c̄2v̄r|ẋ|2 − c̄3|ẋ| − c̄1v̄r)
y{b r{_cqc ¸vz»rtz­v%§rt_ac§©wav r{z¦v
κ
ºar{_acz¦vacu|Gw¨­z­rsn |ẋ| > κ(c̄i, v̄r) z¦bda¨­z¦cup
c̄4|ẋ|3 − c̄2v̄r|ẋ|2 − c̄3|ẋ| − c̄1v̄r ≥ 0
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y{b ¼ÒÁYv½¼  <EÁ´ºytc.¨}¢rtz­vH¼ÒÁ_a¨}ap	rty{wac&§©y)p{bdc&CGp®z­r{z¦¬c.vp®rtvrp
β1, β2
µ~)y{Ccuy®rsn
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M (γe,d(ẋr(t), t)) = γe,d(ẋr(t), t)
ª_c.v
M ≥ c̄1 + c̄2v̄2r
µ fgp{z­va¯gptp{wabdqr{z¦voºvacÓqcEqw cEpr{_r½ª_c.v











τ ∈ (0, δ)onHptp{wabdqr{z¦vTvacacuqw.cupg§©y{b ¼Ò¢oÁrt_¢r













M ≥ c̄1 + c̄2(κ(c̄i, v̄r))2
v |γ(ẋ, t)| ≥ τ, ∀(ẋ, t) µZ^&_az}pi¨}¢r{r{cuy.vaz»rtz­vz¦bda¨­z¦cupr{_r
µτ (|γ|) = 1, ∀(ẋ, t)
µ)^&_c.ytc §©ytcºocE|wC¢r{z¦vÓ¼Ò <EÁ¥CcE bdcEp
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(|γ| + γ̄3)2y{b _acuy{cºor{_acayto§ay{q.c.cup&¨­z¦«cAr{_cay{o§*§~MytOp{z»rtz­v½oµ
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= − 1|γ|3 R
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ẋ = a(t) + b(t) 0 
a(t)
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ẋ(t) = 0 
egrtcirt_¢rrt_ac.p®c
b = 0
 y{ytcup{Ovap/rtrt_ac ¨}ptp{z¦u¨Î¬cuytp{z­v§	&yt¨¦r p/¨¦c.bdb¶aµ
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2ª&ÈnrtZac r{cuy{bdz¦vacAr{_ac vGr{yt¨Oz¦vp¥ vp®z}p®rtp¥z­v% vp®z}qcuy{z¦vart_acA¨­z¦vacuy{z¦³ur{z¦vV§lonqp®r{c.b ¼1EÁ
.bda¨¦c.bdc.vGrtcuÓªz­r{_ ¼<F=¢Árr{_ccu|Gwaz¦¨¦z­aytz¦wab ¼


















γ ≈ ge3 + (h(0) + kzhz(0))x̃ + h(0)z − 2kz ż
lqc r®rtz­v
w := ż
vwp®z¦vadrt_ac§  r¥rt_¢r ∂σ(s)











u ≈ g + (h(0) + kzhz(0))x̃3 + gk1ṽ3 + h(0)z3 + (gk1 − 2kz)w3
ω1 ≈ −k34g (h(0) + kzhz(0))x̃2 − gk2ṽ2 −
k3h(0)
4g z2 − (gk2 − k3kz2g )w2 − k34 (eT2 RT e3)
ω2 ≈ k34g (h(0) + kzhz(0))x̃1 + gk2ṽ1 +
k3h(0)




















ṘT = −S(ω)RT º ω3 ≈ 0 ºMv
R ≈ I3
r{_r




















ẇ = −2kzw + kzhz(0)x̃
˙̃x = ṽ
˙̃v = (gθ1, gθ2,−(h(0) + kzhz(0))x̃3 − gk1ṽ3 − h(0)z3 − (gk1 − 2kz)w3)T
θ̇1 = −k34g (h(0) + kzhz(0))x̃1 − gk2ṽ1 −
k3h(0)





θ̇2 = −k34g (h(0) + kzhz(0))x̃2 − gk2ṽ2 −
k3h(0)

















ẇ3 = −2kzw3 + kzhz(0)x̃3
˙̃x3 = ṽ3














ẇi = −2kzwi + kzhz(0)x̃i
˙̃xi = ṽi
˙̃vi = gθi
θ̇i = −k34g (h(0) + kzhz(0))x̃i − gk2ṽi −
k3h(0)
4g zi − (gk2 − k3kz2g )wi − k34 θi
(i = 1, 2)
ª_p{c_Cy´rtc.ytz¦p®r{z}O¨¦novabdz}¨}pytciz­¬c.v%on
P3(λ) = λ
4 + (2kz + gk1)λ
3 + (h(0) + 2gkzk1 + kzhz(0))λ
2










































P3(λ) = (λ + 2kz)
(
λ3 + gk1λ











































P3(λ) = (λ + λ0)
4
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µ  gc.¸vac −→v e := −→v P −−→v f ª_aGp®c¬cu´rtyY§Î.Gytaz­vr{cEp	c ¹qaytcuptp®cEKz¦vdr{_acgp{z¦prt_acOoan·4¸a¹qcu§©ybdc B z¦p














qc.var{z¦vaVrt_acK¬cu r{yi§M oytqz¦vr{cupg§ −→
F av −→
Dm
c.¹qay{cEp{p{cuz¦vrt_acp®z}p&§r{_ac¬c._az} ¨¦cup p¥§©ytbZc B ºav Fae r{_ac¬cu´rty§ oytqz¦vr{cup§ −→
F ae
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e,2ve,i − ke2|ve|ve,i, i = 1, 2
Fa,3 = −ke3(v2e,1 + v2e,2) − ke4|ve,3|ve,3
ªz­r{_
ke1 = 0.13, k
e
2 = 0.03, k
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